ON THE NON-RELATIVISTIC LIMIT OF A MODEL IN 
QUANTUM ELECTRODYNAMICS 



EDGARDO STOCKMEYER 



Abstract. We consider a (semi-)relativistic spin-1/2 particle interacting 
with quantized radiation. The Hamihonian has the form HY ■— {c^[(p + 
A)2 +(T- B] + {mc'^)'^y/'^ -mc'^ + V + Hf. Assuming that the potential \V\ 
is bounded with respect to the momentum |p|, we show that HY converges 
in norm-resolvent sense to the usual Pauli-Fierz operator when c, the speed 
of hght, tends to oo. 



1. Introduction 

We consider a (semi-)relativistic electron interacting with quantized radia- 
tion in the presence of an external potential V. The corresponding Hamiltonian 
is given formally by 



(1.1) := Vc2[(p + A)2 + a ■ B] + {mc^y -mc^ + V + Hj , 

acting on L^(IR^, C^) ® JF, where J-' is the bosonic Fock space. Here p is the 
momentum of the electron, A is the magnetic vector potential (in the Coulomb 
gauge), B is the magnetic field, Hf is the free field-energy operator, m > is 
the mass of the electron, c > is the speed of light, and a = (ui, o"2, as), where 
(jj are the usual Pauli-matrices. 

Without an external potential V, the Hamiltonian f 1 1.11) admits a fiber de- 
composition H^{P), since the total momentum P G R'^ is conserved. In |9] 
Miyao and Spohn investigated the ground state of Hc(P) (the polaron). In [8], 
Matte and the present author studied exponential localization of the low-lying 
spectral subspaces for Hydrogen-like atoms modelled by HY ■ In this paper we 
are interested in the non-relativistic limit of HY ■ 

In absence of quantized radiation the non-relativistic limit is well understood 
(see [E]). However, in the presence of a field, only few results have been 
presented. Let VY := Da. — mc^ + V + Hf be the Dirac operator coupled 
to the quantized field acting on L^([R^, C^) ® J-^, where is the usual Dirac 
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operator minimally coupled to the vector potential A. Aral in [2] proved that 
converges, as c tends to oo, in strong resolvent sense to the Pauli-Fierz 
Hamiltonian, denoted by acting on L^(IR^, C^) J^. More precisely, 

c-*o<= V '^2x2 U2x2 / 

The method used cutoffs for V, Hf, and A in order to include them as pertur- 
bations. (We remark that it is unlikely to improve this convergence to norm 
resolvent sense, since the spectrum of for A = is equal to the whole real 
line, i.e., (t{Dq + Hf) = R.) By the same method the non-relativistic limit of 
the Dirac polaron was investigated by Aral in [3]. 

In this paper we do not include the field energy Hf as a perturbation but 
we make strong use of the fact that H^ is bounded from below. Assuming that 
the potential V is (operator) bounded with respect to the (electric) momentum 
|p|, we show that, as c (the speed of light) tends to infinity, H^ converges in 
norm resolvent sense to the usual (non-relativistic) Pauli-Fierz operator H^. 

In the next section we introduce the models to be considered and state pre- 
cisely our main results. Theorems 12.21 and 12.41 below. 

2. Definition of the models and main results 
Let f) = L^(IR^ X {1, 2}) be the one-photon Hilbert space. We use the convention 

k = (k,X) eR^ X {1,2}- fdk=J2[ ^^k. 
The space of the quantized photon field is the bosonic Fock space 

oo 

^ ^ ^[[)] := 9 ^ = . . .) , 



n=0 



where f)*^""- is the n-fold symmetric tensor product of i) and f)®=° = C. As usual 
we denote the vacuum vector by Q := (1, 0, 0, ... ) G J-'[i)]- Many calculations 
will be performed on the following dense subspace of 



^o:=C©0Co((R=^x{l,2})")n[)^ 



,1^8 n 

The free field energy of the photons is the self-adjoint operator given by 



V{Hf) := {{^^-^r^, e m : 

/ I 'Yuj{kj)ip^"'\ki,...,kn) dki...dkn < ooj 

n=l 7=1 
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and, for i) e V{Hf), 

n 

Here the dispersion relation uo is an almost everywhere nonzero multiplication 
operator on f) that depends only on k and not on A G {1,2}. 

The annihilation operator a(/) of a photon state / G f) is, for any Lp G ^o, 
given by 

(2.1) = j J{k)a{k)^dk, 

where a{k) annihilates a photon with wave vector/polarization k, 

(a(A;)V^)(")(^i, ...,kn)^{n + Ij^/^^^^+^H^, ki,...,kn), n G Nq , 

almost everywhere, and a{k)fl = 0. For / G f) the creation operator a^(/) 
satisfies {a{f)(f)\ip) = ( | a''"(/)(/9 ), for any (f>,(p E ^o- We define a^(/) and 
a(/) on their maximal domains. The following canonical commutation relations 
hold true on ^q, for any f,gEi), 

(2.2) [a{f),a{g)] = [a\f),a\g)] ^ , [a{f),a\g)] ^{f\g)l. 
The full Hilbert space containing electron and photon degrees of freedom is 

It contains the dense subspace, 

% — C^{R^, C^) (8) % . (Algebraic tensor product.) 

We consider general form factors fulfilling the following condition: 

Hypothesis 1. For every k e {R^ \ {0}) x Za and j G {1,2,3}, G^^\k) is a 
bounded continuously diff'erentiable function, 9 x i— > Gx\k), satisfying 

(2.3) 2 j u;{kY\\G(k)\\ldk ^ dj , £ G {-1, 0, 1, 2} , 
and 

(2.4) 2 j u;{k)-^\\V^ X G{k)\\ldk ^ dj, 

for some d_i,...,rf2 e (0,oo). i?ere Gx(A;) = (G^^H'^), H'^), C^^H^)) "^'^ 
||G(^)|U:=supJG.(fc)|. 
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Remark 2.1. In the specific physical situation the dispersion relation is uj^^{k) = 
/ic|k|, where h > is Plank's constant divided by 27r. The form factor is given 

by 

(2-5) Gtik) := ^^^(^^l{|k|<A}e-^^-s(fc), 

for (x, /c) G X ([R3 X {1,2}) with k 7^ 0. Here A > is an ultraviolet cut- 
off parameter. The polarization vectors, £(k. A), A G Z2, are homogeneous of 
degree zero in k such that {k, £(k, 0), e(k, 1)} is an orthonormal basis of R^, 
for every k G S^. This corresponds to the Coulomb gauge. 

We further remark that the dependence on c of (12. 5p and the definition of 
is not relevant to us, since we want to study the electron and not the photon 
non-relativistic limit. 

We introduce the self-adjoint Dirac matrices ai,a2,a3, and /3 that act on 
the four spinor components of an element from Ti. They are given by 

«J -= L. n ' J e {1,2,3}, p:=ao: 



where cri,cr2,o"3 denote the standard Pauli matrices, and fulfill the relations 

(2.6) aiUj + UjUi = 25ijl , j G {0, 1, 2, 3} , 

(2.7) aiOj = 6ij + ieijm^rn , {1,2,3}, 

where 6ij is the Kroneker delta, eijm is the Levi-Civita antisymmetric symbol, 
and 



(2.8) 



a, 



^ ■ I a 



The interaction between the electron and the photons is given by 

(2.9) a A = a A(x) := a(a ■ G^) + a^{a ■ G^) • 

In order to define the semi-relativistic Pauli-Fierz operator we recall that the 
free Dirac operator, minimally coupled to A, is given as 

(2.10) Da ■■= ca ■ {~ihV + A) + Pmc^ , 

where m > is the mass of the electron. (Note that usually there is a factor 
in front of A; in physical units e/c. We have absorbed this factor in the 
definition of A.) An application of Nelson's commutator theorem shows that 
Da is essentially self-adjoint on ^0 [DE]- denote its closure starting from 
^0 again by the same symbol. Henceforth, we set 

(2.11) Pa ■.= -ihV + A, and p := -ihV . 
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We have the following relation on 

(2.12) Dl = c\(x ■ Pa)' + (mc'Y = c\pl + S ■ B) + (mc^ , 
where S is defined through 02.81) and the magnetic field B is given as 

(2.13) B = B(x) = V X A(x) = a(V x G^) + a^(V x G^) . 

Equation (12.121) shows, in particular, that <j{Da) C (— oo, —1] U [1, oo) . 
Next we state the conditions on the potential V. 

Hypothesis 2. Let V be a symmetric (matrix-valued) multiplication operator 
acting on Ti, such that for almost all x G R^, 



r(x) 



^l(x) 02x2 
02x2 V"2(x) 



We assume that there exist a,b & such that for all (f & ^q, 

(2.14) {ip\V^ip) ^ a2((/? I pV> +&l</'f 
holds. 

We define now the semi-relativistic Pauli-Fierz operator (minus the electron 
rest energy) through the quadratic form on 

(2.15) {^\Hj^) :={cp\{\Dj^\-mc' + V + Hj)cp). 
Note, that on %, 

(2.16) ^ iJ^= f + 02x2 



V 02x2 dx + Hf 
where 

(2.17) dA := Vc2[(p + A)2 + a ■ B] + (mc2)2 - mc^ 

acts on L2(R3^C2) ® J^^. 

Since the quadratic form ( (p | H^ip ) = {| </} | H^(p ) is positive, there is a 
unique (positive) self-adjoint extension of \ ^q, which we denote again 
by H^, whose domain is contained in the form domain of the closure of the 
quadratic form defined in fl2.15p for ^ = 0. 

We prove the following result at the end of Section [3l 

Theorem 2.2. Assume that G fulfills HypothesisUl and V fulfills Hypothesis\^ 
Then, fore (the speed of light) large enough, the operator H"^ \ S>q has a unique 
self-adjoint extension, denoted by , with form domain Q{HY) satisfying 

(2.18) V{H^) c Q{H^) = am = Q(|p| + Hf) . 
Moreover, is bounded below by a constant independent of c. 
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Remark 2.3. We note that a similar statement (without the specification of 
the form domain) was proved in [S] by means of a diamagnetic inequahty. Our 
proof is based on an exphcit bound for |p| in terms of (see Lemma 13.41) . 
This bound turns out to give the key ingredient to show (12.181) . 

Next we define the (non-relativistic) Pauh-Fierz operator on as 

(2.19) H-:=^ + ±.S.B + V + H,. H^^Hl. 

Actually, the operator defined above is a two-fold copy of the usual Pauli-Fierz 
operator given by '■= Pa/ (2m) + cr- B/(2m) + acting on L^([R^, C^) ® J^: 

ttV _ f + Vi 02x2 

°° " V 02x2 ^oo + 



A potential V satisfying Hypothesis [2] is relatively p^-bounded with bound zero, 
hence is essentially self-adjoint on any core for -|- Hj and its self-adjoint 
extension has domain V{H^) = ©(p^ + Hf) (see [HE]). Henceforth, we set 

(2.20) Ta = — + S ■ B . 

2m 2m 

We can now state the main result of this article whose proof can be found at 
the end of Section HI 

Theorem 2.4. Assume that G and V satisfy Hypotheses\^and\^ respectively. 
Then, for any 2; G C \ IR , 

hm \\{H^ -zr'-{Hl-z)-'\\ = Q. 



c— >oo 



The rest of the paper is organized as follows: The main technical ingredients 
and the proof of Theorem 12.21 are presented in Section [3l In Section H] we 
prove Theorem 12.41 about the non-relativistic limit. Finally the main text is 
followed by an Appendix were we prove some known inequalities. Throughout 
this paper we shall assume that Hypotheses [T] and [2] are fulfilled. 

3. Main estimates 

The following estimates are well known. A proof of the lemma can be found 
in Appendix 1X1 

Lemma 3.1 (Field-Bounds). Assume that f,fuj^^^'^ E t). Then, for all E 

(3.1) ||a(/)^f ^ \\flu^"X\\H]'\\\\ 

(3.2) iiat(/)v.f ^ ii//^^/^f,iii/;/Vf 
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In particular, for all Lp G T^{.H ^ ), 

(3.3) (^|S-B(/?) ^ 2rfi||/7yVllll^ll , 

(3.4) (Av9|A(^) ^ 2dW\H]'^^\\'' + dly\\^ . 

For notational convenience we set 

(3.5) c^A := I^aI - mc^ = {c^(a ■ Pa)^ + {mc^fY^^ - mc^ , 

acting on L'^{R^, C^) ® J-^. (Note that c/a = (^a © dA, where (Ia is defined in 
(12.171) .) Furthermore, 

(3.6) R^{z) := {H^ + z)-' , R^{z) := /2°(^) , 

(3.7) Rliz) := « + z)-i , R^{z) := i^^^l^) , 

for some z E C with —2; G (){H^) H g{H^), where ^)(-) denotes the resolvent 
set. 

Lemma 3.2. For any ^9 G T'(Ta), we /iave 

(3.8) ^^^=(^^ + ^)^- 

Moreover, for v G (0,2], we /iat'e i/ie relation V{H^) = P(p^ + iJ/) C T>{d^) 
and the estimate, for any —z G g{H^), 

(3.9) |MXC(z)||=0(0. 

Proo/. Let / : R ^ [0, 00) with f{t) = ^J^ctf + {mc^f - mc^ . Obviously, 
e/2m = f{t) + /(t)V(2mc2). Since dj^ = f{cx ■ Pa), we find dSIHD by the 
functional calculus. 

Clearly, we have, for all v G (0,2], the inequality f{tY'^ ^ (cltj)^'^, which 
implies, for ip E S'q^ that ^ ip | d^^ip ) ^ c^^( (y9 | |q:-PaP'^V' ) . In view of Young's 
inequality [ah ^ /p + for p, g G (1, 00) with 1/p + 1/g = 1], we obtain, 
fort G Rand z/ G (0,2), that Itp'^ ^ z/t^/2 + (2-z/)/2. Hence, for any i/ G (0, 2], 
we get 

(3.10) {^\dl^) ^ c2V/2( I [(a ■ Pa)' + (2 - u)/u]^ ) . 
Recall that {a ■ p^)'^ = {2mfTl. Due to flHTTUD and the fact that 

(3.11) V{H^)=V{p' + Hf), 

we see that, in order to show (13.91) . it suffices to prove that there exists a 
constant k > 0, such that for any G UTa^jIP < k{\\{p'^ + Hf)ip\\'^ + \\ip\\'^). 
That this is indeed the case follows from the following consideration: By (13. lip . 
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there exists a constant k' > 1, such that H-ffooV^lP ^ ^'(11 (P^ + -f^/)v^lP + llv^lP); 
thus, 

WTj^^f ^ 2{\\iTA + Hj)cpf + \\Hfcpf) 

(3.12) ^ 2k'{\\{p' + HjM' + \\HM\' + yr) 

^ 2V2k'{\\ip^ + Hf)ipf+yf). 

This finishes the proof. □ 

The next Lemma is proved in [8j . We sketch its proof in Appendix El We 
define, for some E > 0, the operator 

(3.13) Hf:=Hf + E. 

Lemma 3.3 ([8j). Assume that E ^ (lOTrrfi)^/ (mc)^. Then, for all ip G %, 

(3.14) Re(|D.|v.|i^,^> ^ {^-^^)\\\DA'''^'\f- 

In the following Lemma we establish that the momentum |p| is dominated, 
in the sense of quadratic forms, by the operator (see (12.161) ). 

Lemma 3.4. For all e G (0, 1] there a exist a constant k^ > 0, such that for 
all c ^ 1 and ip G ^o, 



(3.15) ( p I \p\ip ) ^ V(l + e)(£+l/c2)( ip\idA + Hf)p ) + A;,||y;f . 
Proof. We start by observing that, as quadratic form on !^q, 

(3.16) p2 = pi-pA-A- A-pa + A^. 
Estimating the cross terms and using fl3.4p we get, for e G (0, 1], 

(3.17) p2 ^ ^i + e)pl + ^A' ^ (i + e)pl + ^Hf + ^. 

We use (13. 3p to include the spin-term. For some 6 > and G ^o, we have 
{l+e)\{ip\ E ■ B^)| ^ 4rfi||/jyVll ll^ll 

^ {if\Hfp)+AdlM\ 



where we choose 6 = 2di. Inserting (I3.18P in (13.170 and using the identity 
(cK ■ Pa)^ = Pa + S ■ B we get that there exists a constant A; > such that, for 
all 6 G (0,1], 

(3.19) ^ ■ Pa)' + 1 + ^(Hj + l)^Dl + ^{Hj + 1) , 
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where we define := ex. ■ pa + 13 = Dx\m=c=i- In view of Lemma [3.31 (witfi 
m = c = 1) we liave, for Hf = Hf + E, E > max{l, (lOvrrfi)^}, and some 6 > 0, 

^ Dl + 6i\Dj^\Hf + Hf\DA\) + ^Hf 
(3.20) ^ + ^ ^ 



Observing tfiat from (ck-Pa)^ = 2mdA+d'ji^/ follows |q:-Pa| ^ a/1/c^ + s dj^+ 
m/e^/^ and that the square root is operator monotone, we get that 



266 £V2 

k m 



(3.21) ^ Vl/c2 + e(rfA + Hf) + V2E + ^^+l + ^^1^ , 

where in the last inequahty we choose 6 = a/1 /c^ + £ > e:^/^ and we used that 
e ^ 1 ^ c. Inequality fl3.2ip proves the lemma. □ 

Corollary 3.5. For any A G (0, 1] there exists R\ > 0, such that for all p > R\ 
and c > max{2/A, 2a/A}, 

(3.22) |||V|^/2(^^^^)-i/2||2 ^ 
where a is the constant appearing in Hypothesis\^ 
Proof. We use f l3.15p and note that fl2.14p implies that 

(3.23) \V\ ^ a|p| + 6 ^ V2a^e + l/c^H^ + b + ak, < X{H^ + hb + ak,)) , 

A 

where we set e = min{A^/4, A^/ (4a^)} and we used that 1/c^ < min{A^/4, A/ (4a^)}. 
These facts prove the claim with Rx := (6 + aki,)/X. □ 

Proof of Theorem \2.2 . For c large enough we have, by fl3.23p . that V is if^-form 
bounded with form bound less that one. Therefore, by the KLMN theorem (see 
fiOl Theorem X.17]), the operator has a unique self-adjoint extension with 
form domain Q{H^) which is bounded below by — -Ri, where Ri is defined after 
Equation (Km . 

In order to prove that Q{H^) = Q(|p| +Hf), it suffices to show that the qua- 
dratic form norms associated to and |p| +Hf, defined on ^o, are equivalent. 
Using the inequality 

4^ ^ pi + S ■ B ^ 2p2 + 2A2 + S ■ B , 
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and the estimates (13.41) and f l3.18p . we find some constant K' > 0, such that 

dl < {K'n\p\+Hff + 1]. 

Therefore, by the (operator) monotonicity of the square root, we get 

dA + Hf ^ K\\p\ + Hf) + Hf + K'<:{l + K'){\p\ +Hf + 1). 

To conclude the proof we note that, by Lemma 13.4^ we know that there is a 
constant K, such that |p| ^ K{dx + Hf + 1). Thus, for 5 G (0, 1), we have, 
as quadratic forms on ^o, 

8{Hf + IpI) ^ Kdj^ + {K + 5)Hf + K ^ {K + 6)idA + Hj + 1) . 

This finishes the proof of the assertion. □ 

4. The non-relativistic limit 

Lemma 4.1. Assume that c ^ 1 is so large that is self- adjoint. Then, for 
any z E C with —z G f?(-f^J) H g{H^), the identity 

holds on Ti. 

Proof. We pick some (p E and use (13.81) to compute 
RU^){HI + z)^ = B^Az){Ta + Hf + V + z)^ 

Due to the fact that is essentially self-adjoint on we find (14.11) on some 
dense subset of Ti. Moreover, thanks to (13. 9p . the term in {■ ■ ■ } above is 
bounded. Therefore, by a simple limit argument, we obtain (14.11) . □ 

Proof of Theorem \2.4\ We first note that both operators, and , are 
bounded below by a constant independent of the speed of light c. In fact, 
by (13. Sp . we have that ^ the last operator being bounded below 
(independent of c) due to Theorem 12. 2[ We define cy '■= ini{a{HY)) and 
choose p > |ey|. 

Next, we observe that it is enough to prove Theorem 12.41 for p instead of 
z. Indeed, define := {H^ + p)/{H^ + z), for 2; G C \ IR and x = c or cxo. 
Clearly, ^ 1 + (p + |z|)/|Imz|. Further, for 2; G C \ IR, we have the 

following well-known operator identity 

(4.2) R^{z) - Rliz) = 5c (R^ip) - RUp)) Soo . 
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Therefore, on account of Lemma [4.11 and (14.21) . it suffices to show that 

(4.3) \\Rcip)^Rlip)\\^0 as C-.00. 

We observe that by Tiktopolus' Formula (see [11]) and (13.221) . we have, for 
c ^ max{4, 4a}, that 

(4.4) R^p) = RM^'il + RM''VRM''')-'rM" ■ 
Therefore, using the obvious fact that \\d^J^ Rc{pY^'^\\ ^ 1, we find 

nov^. ^3^^V( ^,| < ll^c(p)^/^|| \\dTRc{pYn \\dfKo{p)\\ 
^^^2mc2 ^ 2mc2(l - 11 |\/|V2i?^(p)i/2||2) 

(4.5) ' " ' 

mc^^J p — |ey I 

where in the last estimate we use (13. 9p . This proves (14. 3 p and concludes the 
proof of the theorem. □ 



Acknowledgement: I am grateful to Oliver Matte and Thomas 0stergaard 
S0rensen for proofreading the manuscript and helpful discussions. This work 
has been partially supported by the DFG (SFB/TR12). 

Appendix A. 

Proof of Lemma \3~l\ Let G and f,fuj^^^'^ E f). Using (12.11) and the 
Cauchy-Schwarz inequality, we get that 

(A.l) ^ ^^^^ 



from which (13. ip follows, after using that 

(A.2) ( Hy^4> I ny^i) ) = j uj{k) { a{k)(P I a{k)i) )dk , <p,i) e V{H]''^) , 

which is a consequence of Fubini's theorem. Equation (13.21) follows from the 
fact that 

(A.3) \\a\f)vr = {V\ aU)a\f)v ) = MfM' + \\f\\lM' , 

where we used the commutation relations (12. 2p . 

Finally equations (13. 3p and (13.41) follow from (13.11) and (13.21) . the definitions 
(EH) and (EH, and the Hypothesis [H □ 
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We shortly present the proof Lemma 13.31 which can be found in [8| Lemma 
4.1]. We will keep the notation of [5]. 

Proof of Lemma \3.3[ To begin with we observe that by means of the pull- 
through formula we have (see [HI Lemma 3.1]), for Hf = Hf + E and E > 0, 

(A.4) IIT1/2II := \\[(x-A,Hj'^']Hy'\\^2d,/E'/\ 

We note that a simple computation shows (see [8i Corollary 3.2]), for := 
l/(-C^A — irj) , T] E R, and ip eH, that 

(A.5) R,HJ'/'^ = (1 + cR,Ty2)Hj'^'Rni^ , 

which implies, using that = l/^{{mc^y + r]^), that 

(A.6) \\Hj'/'R,Hy'\\ ^ ^(^^,)2 + ^2i-2rfi/(mcEV2)' 

provided E > {2di/{mc)Y. 

Now, we use (I A. 6 1) to obtain a bound for 5*1/2 := [sgn(Z)A), -f^/ ^^^]-f^/''^ ■ 
Applying the formula (see [61 Lemma VI. 5. 6]) sgn(DA)v^ = linir^oo /T^ R-q'^ 
for ip ETC, we find, for (p E ^0, 

(A.7) 5v2^ = c H]"^]H]'^^ ^ = c r R,T,„H]'/^R,,H]'\ ^ . 

^ —00 J —00 ^ 

From this follows, using (1A.6I) . (1A.4I) . and J ||i?^p(i?7/7r = 1/mc^, that 

9(7 1 



An analogous calculation and the fact that J II I^Al^'^^^-Rr; II ||-R»?IM^/7r ^ 27r/vmc? 

show that 

(A.9) 

- — 'I/O 

Finally, we argue as in [HI Lemma 4.1]: Let G ^0 and set := 0. We 
have 

Re ( DaHJ'^^^ I sgn(DA)^y'^ > 
= Re ( (Da - cT*/2)^ \ H]^'\gn{D^)H]'^^ ) 
= Re ( (Da - cr*/2)V^ I (sgn(DA) - ^1/2)^^ > 

^ (iDAi^i^)-lliDAr/^5i/2iDAr^/'lliiiDAr/vf 

-CI1T1/2I1 iiiDAr^/^f(i + ii5i/2ii)iii/^Ar/^^f. 
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A rough estimate shows, choosing E > 4(2(ii)^/(mc)^ and using (1A.4I) . (1A.8I) . 
and (TOD , that 

(A.IO) Re{\D^\<p\Hj<p) ^ (l - ^^,) \\\Dj,\'/' Hf ^\\\ 

This finishes the proof of Lemma 13.31 □ 
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